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I. Introduction

O RBIT determination algorithms are designed to estimate
satellite position and inertial velocity from unbiased sensor

measurements. Static and dynamic measurement biases, which are
low-frequency systematic errors, cause biases in both position and
velocity estimates that can significantly degrade track accuracy. As
only the random error statistics are characterized, the filter
covariance usually underestimates the biased track error statistics.
Track biases and covariance fidelity are important issues for
correlation and fusion of multiple sensor tracks [1,2].

Many algorithms have been developed [3–10] for estimation of
bias parameters in the system dynamics, in the measurements, or in
both. Generally, bias parameters are estimated jointly with the
position and velocity states. Depending on the number of bias
parameters, this approach can be computationally intensive, the
system covariance matrix can become ill conditioned, and bias-state
observability and separability can be problematic. Alternatively,
two-step techniques extract bias parameters from the track
measurement residuals.

For current radar systems, measurement biases are calibrated by
tracking one metric satellite having an accurate ephemeris, or by
tracking many satellites with less accurate ephemerides [9]. Range
and angle biases are calibrated after (not during) the data collection
(s). A noteworthy exception is a real-time algorithm for angle bias
estimation in wideband radars [10].

In this Note, an iterated 12-state extended Kalman filter EKF(12)
is formulated for simultaneous (real-time) orbit determination and
bias estimation. Orbit position and velocity states are augmented
with six dynamic (rather than static) bias states that model radar
orientation biases and radar range-angle measurement biases. Bias-
state observability and separability are enhanced by physical models
for the bias dynamics and by careful characterization of bias effects in
the measurement residuals. For example, random and certain
environmental (i.e., tropospheric) bias errors are intrinsic to the radar
measurements, whereas radar orientation biases corrupt the
transformation of the prior position estimate from inertial to radar
coordinates. Performance evaluations will demonstrate accurate
real-time state estimates and excellent covariance fidelity, which are
essential for radar-to-radar track correlation and fusion.

II. Sensor Models

Radars provide accurate three-dimensional position measure-
ments for orbit determination. Distance (or time delay) is measured
relative to the radar, and directional (or angle) measurements are
reported in Cartesian radar-face coordinates. For radars on moving
platforms, position, velocity, orientation, and angular rate of the
radar array are provided by a strapdown inertial navigation system
(INS) mounted on the radar face.

A phased-array radar using a linear FM (“chirp”) waveform
measures a linear combination �m � �� �RD _� of range distance �
and range rate _�. The range-Doppler coupling time �RD depends on
radar center frequency, pulse length, chirp bandwidth, and chirp
polarity [11]. As �RD is known,� and _� could bemeasured directly by
transmitting two virtually simultaneous pulses with positive and
negative �RD values, or these quantities can be determined by track
processing of �m. Range-Doppler radars can also provide direct
measurements of _�, but these measurements are not considered here.

Radar angle measurements, which are determined using
monopulse techniques [12], provide azimuthal and vertical direction
cosines u and v, respectively, of the unit line-of-sight (LOS) vector�
in Cartesian radar-face coordinates:

� � �w u v �T w�
������������������������
1 � u2 � v2

p

wherew is specified by j�j � 1. A mechanical control system steers
the radar array in azimuth and elevation tomaintain an orbiting target
within a few degrees of radar boresight, and an electronic steering
control system centers the radar beam on the object. It follows that
w � 1,u� v� 0when theLOS is at radar boresight, and 0<w < 1
otherwise.

Radar range and angle biases ��� � �� �u �v �T aremodeled as
the sum of static and dynamic error components ��� ��S � ��D in
radar-face coordinates. Dynamic bias errors ��D arise primarily from
uncompensated tropospheric refraction errors, which fluctuate with
LOS elevation and local atmospheric conditions along the radar ray
to the target [13–16]. Static or time-invariant biases include constant,
scale factor, and misalignment terms:

��S �
��B � ���

�uB � �uu � �’v
�vB � �vv� �’u

2
4

3
5

where ��B, �uB, and �vB are constant biases, ��, �u, and �v are scale
factor biases, and �’ is a “clock error” measured around the radar
boresight. Constant biases are usually removed during the radar
calibration process. Although scale factor and misalignment biases
can become significant at large off-boresight scan angles, these errors
may be neglected when the radar LOS is near boresight (i.e.,
u; v� 0). As all static biases can be neglected for the stated reasons,
the radar bias states are hereafter the same as the dynamic biases
(��� ��D).

The radar INS reports orientation as a yaw angle measured from
the east in the local horizontal plane, a pitch angle # measured up
from the local horizontal to the radar boresight, and a roll angle �
measured around radar boresight. The transformation matrixR from
the inertial frame to radar-face coordinates is specified by

R ��; #;  	 �R1��	R2��#	R3� 	Rs��s; Ls	
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where numerical subscripts Rj identify the axis of rotation. The
transformation Rs��s; Ls	 from the inertial frame to topocentric
east–north–up (ENU) coordinates at the radar depends on the radar
right ascension �s and geodetic latitude Ls.

INS navigation and orientation biases arise from gyro and
accelerometer bias, scale factor, and drift errors. The INS is erected to
local vertical and aligned to the north using a conventional
gyrocompassing alignment procedure. Horizontal (north-pointing)
misalignments cause a yaw bias � , whereas vertical misalignments
cause both a pitch bias �# and a roll bias ��. For a Global Positioning
System-aided INS, navigation accuracy is precise and errors in �s
and Ls may be neglected.

III. Nonlinear Prediction Models

The filter state vector x includes the inertial position r of the
satellite, its inertial velocity v, INS orientation biases ��, and radar
measurement biases ��:

x � rT�t	 vT�t	 ��T�t	 ��T�t	
� �

T r� � x y z �T

v� � _x _y _z �T ��� � � �� �� �T

��� � �� �u �v �T

ENU orientation biases include a yaw bias � , a pitch bias �#, and
a roll bias ��. Radar measurement biases include a range bias �� and
direction-cosine biases �u and �v.

At altitudes above 500 km where drag is not important, orbital
motion is described by

dr
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where �e, Re, and Ẑ are the Earth’s gravitational parameter,
equatorial radius, and unit-polar axis, respectively, and time
derivatives are taken with respect to the Earth-centered inertial (ECI)
frame. The dominant gravitational accelerations arise from the
central, inverse-square gravity field and from Earth oblateness
(modeled by the J2 coefficient). As each higher-order zonal or
tesseral harmonic term of the geopotential function U is O�J22	, the
higher-order disturbing acceleration rU is at most 15–20 �g at
orbital altitudes of 700 km, depending on the geographic location of
the subsatellite point. For short data collection and prediction
intervals, rU may be neglected.

INS orientation biases fluctuate as the radar array (on which the
INS is mounted) follows the satellite trajectory in elevation and
azimuth. Differential equations may be derived by linearization of
the Euler equations specifying the angular rates:
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where!s and �!s are the Earth-relative angular rate and its bias error
in radar-face coordinates. The rate bias �!s is a zero-mean, Gaussian
random vector with statistics:

Ef�!sg � 03; Ef�!s�!Ts g �
q! 0 0

0 q! 0

0 0 q!
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Radar measurement biases fluctuate with local atmospheric
conditions along the radar ray. Dynamic bias errors are modeled by a
linear, first-order Markov model:

d

dt
���	 � 1

�A
��� 1

�A
�f

where the disturbance input �f is a zero-mean, Gaussian random
vector with statistics:
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The constant variances q� and quv may be interpreted as process
noise “commands” to the covariance equations of the first-order
Markov dynamic bias model. The Markov time constant �A varies
with LOS elevation 	, with elevation rate _	, and with the elevation-
dependent refraction error "�		 and its elevation gradient (refer to the
Appendix):

�A ��
"�		

_	 d"=d	

As d"
d	
< 0, stable error dynamics ��A > 0	 occur with increasing

elevation � _	 > 0	 and unstable error dynamics ��A < 0	 occur with
decreasing elevation � _	 < 0	. Although �A is undefined at the peak
elevation because _	 � 0, a maximum positive �A value is assigned to
avoid singularities.

The covariance prediction equations are given by
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where the gravity-gradient matrix � is complete to O�J2	:
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State estimation errors �x̂ cause errors in F�x	 that are not
represented in the linear equations for covariance prediction.
Consequently, process noise Q is added to improve covariance
fidelity, to prevent premature filter convergence, and to improve
numerical conditioning of P. A diagonal Q matrix is assigned with
constant velocity variance qv, constant INS angular-rate variance q!,
constant range dynamic bias variance q�, and constant u, v dynamic
bias variance quv:

Q� diagf0 0 0 qv qv qv q! q! q! q� quv quvg
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Numerical values of these parameters are provided in Table 1 for an
update rate of 1 Hz.∗

IV. Measurement Functions

Bias-state observability and separability properties are crucially
dependent on the mathematical models for the bias influence in the
measurement residual and in the measurement sensitivity matrix
used for the filter gain matrix. The true radar measurement y is
specified in radar-face spherical coordinates:

y � � �� �RD _� u v �T � ��� �
R� Ef��Tg � diagf 
2��� _� 
2u 
2v g

Radar measurements are corrupted by additive measurement bias
errors �� and by zero-mean, uncorrelated Gaussian random errors �
with a diagonal measurement noise matrix R. It is important to note
that y is independent of the orientation bias ��.

Prior estimates of the radar measurements are determined from
radar position and inertial velocityRs andVs, prior orbit estimates �r
and �v, and the transformation �R which contains the orientation
biases:

��� �r �Rs; ��� j ��j ��� � �w �u �v �T � 1

��
�R ��

�_�� � �R��v � Vs	�T ��

The estimated radar measurement �y depends on ��, �_�, �u, and �v and

prior estimates of the orientation and measurement biases � �� and � ��:

�y � h� �x	 � h0��r; �v	 � J�� ��� �� h0 � � ��� �RD �_� �u �v �T

J� �
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@� ; �; �	 � �

1

2
��� cos2 ��� � � �� 0 �

where @�u; v	=@� ; �; �	 is specified by selection of the appropriate
rows of the 3 
 3 Jacobian matrix:

@�w; u; v	
@� ; �; �	 ��� ��	 �I

As orientation bias “measurements” are implicit in h0, the J�� ��
term is subtracted † from (rather than added to) h0, because y is

independent of � �� (as noted earlier). Finally, orientation biases cause
second-order range corrections which are always negative [i.e.,
effectively a cos� � 	 � 1 term] because �� is projected onto a

misaligned unit LOS direction. As range is independent of � �� to first
order, this second-order term providesmathematical observability of
the yaw orientation bias, although this term is not advantageous
unless high precision wideband range measurements are available.

The linearized measurement sensitivity matrix is determined by
partial differentiation of themeasurement functionwith respect to the
state variables:
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Partial derivatives of h0 appearing in C�x	 are selected from the
appropriate rows and columns of the 4 
 3 Jacobian transformation
matrix:

@��;w; u; v	
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V. Iterated Batch Filter Initialization

EKF(12) must be initialized at radar acquisition t0 with prior
estimates of the state vector and covariance matrix. When prior
information (e.g., from other sensors) is not available, an initial state
estimate and covariance may be determined with a batch filter using
radar detections collected on a short time interval t 2 � t0 tm �.
Earlier work [17] has shown that a batch filter provides accurate
estimates to promote linear error response of the recursive filter, and
properly correlated covariances that accelerate filter error
convergence. Although unnecessary for an isolated satellite track,
a preliminary returns-to-track association process is necessary for
track initialization on multiple objects.

The nonlinear batch estimation process is iterated to improve
estimation accuracy and covariance fidelity. This process begins

with initial estimates �r0, �v0 and covariance �M0 generated with a
polynomial-batch fit to the radar detections data:

x̂ �1	0 �
r̂0
v̂0
06

2
4

3
5; M̂�1	0 �

�M0 �MB O6
6
O6
6 DB

� �

As the initial biases are unknown, prior bias estimates are zero, and
prior bias statistics are modeled by a 6 
 6 diagonal bias covariance
matrixDB (refer to Table 2). As r̂0 and v̂0 contain biases because the
measurements are biased, �M0 is inflated with a 6 
 6 ECI bias
covariance matrixMB that is consistent with DB.

Orientation bias statistics are based on typical INS erection and
alignment uncertainties (Table 2) showing that the yaw (or
alignment) uncertainty is larger than the pitch and roll (or erection)
uncertainties. Ruv dynamic bias statistics are typical tropospheric
refraction uncertainties at low elevations (<5�) and for a 10%
compensation error. Although tropospheric azimuth uncertainties
are usually small relative to elevation uncertainties, the same
uncertainties are assigned to the dynamic u and v biases.

Maximum-likelihood estimates of initial EKF(12) state x̂0 and the

corresponding covariance matrix M̂0 are determined with an iterated
batch filter:

M̂
�i�1	
0 � ��M̂�1	0 	�1 � �HTW�1H	�1��1

x̂�i�1	0 � x̂�i	0 � M̂
�i�1	
0 HTW�1

ŷ0 � ĥ�x̂�i	0 	
ŷ1 � ĥ�x̂�i	1 	

..

.

ŷm � ĥ�x̂�i	m 	

2
6664

3
7775

Table 1 EKF(12) process noise model

Description Symbol Value

RMS velocity process noise (each axis) qv 0 m2=s3

INS angular velocity process noise (each axis) q! �2 �rad=s	2
Dynamic range bias process noise command q� �10 m	2
Dynamic u, v bias process noise command
(each axis) quv �1000 �rad	2

Table 2 Initial bias-state covariances

Bias-state description 1
 value
Yaw orientation bias �150 �rad	2
Pitch & roll orientation bias (each axis) �80 �rad	2
Dynamic range bias �5 m	2
Dynamic u, v bias (each axis) �500 �rad	2

∗Lower process noise values (not provided here) are recommended at
higher data rates to assure satisfactory disturbance rejection.

†Equivalently, this term is added to y (because it is otherwise independent
of orientation biases) when the measurement residual is formed.
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Nn � C�x̂�i	n 	M̂�i	n CT�x̂�i	n 	 � Rn

where superscript i denotes iteration number and subscripts indicate

time tn (0 
 n 
 m). Successive estimates x̂�i	0 change on each

iteration (i > 1), but the prior covariance M̂�1	0 is not changed to
prevent overly optimistic covariances. On each iteration, initial
estimates and covariances from the preceding iteration step are
predicted from t0 to tn by numerical integration of the state and
covariance prediction equations and the following matrix-
differential equation for the state transition matrix:

_�� F�x̂	�

Alternatively, discrete-time covariance predictionmay be performed
using �:

M̂
�i	
n ���x̂�i	0 ; tn � t0	M̂

�i	
0 �T�x̂�i	0 ; tn � t0	

Batch estimates and covariances are iterated (at most) 5 times, using
the same set of detections. At least 25 to 50 detections are needed for
a properly conditioned covariance matrix for EKF(12).

VI. Iterated Recursive Estimates and Covariances

For each reported detection, EKF(12) updates are iterated to
mitigate the effects of measurement nonlinearities arising from ECI
state estimates. Alternatively, iteration would not have been
necessary for updates in radar range-angle coordinates or for range-
angle measurements transformed to Cartesian face coordinates [18].
Care must be exercised with the first approach because the
transformations to range-angle coordinates and back to ECI
coordinates (for prediction) essentially add and subtract INSbiases in
a self-canceling way, thereby compromising observability.

Using superscripts to indicate the iteration number and subscripts
to indicate the time tn, the iteration process begins with a prior
estimate and covariance:

x̂ �1	n � �xn; P�1	n �Mn

The initial estimate and covariance �x0 and M0 (i.e., at acquisition
time t0) are provided by the batch initialization process. On
subsequent updates, �x0 andM0 are specified by the predictions from
the previous recursive update step. For i � 1, the nonlinear functions

C�i	n � C�x̂�i	n 	 andh�x̂�i	n 	 are evaluatedwith the prior estimate, as are
the following:

" �i	n � yn � h�x̂�i	n 	 � C�i	n � �xn � x̂�i	n 	

N�i	n � C�i	n Mn�C�i	n 	T � Rn K�i	n �Mn�C�i	n 	T�N�i	n 	�1

The EKF(12) state estimate and covariance are then updated:

x̂ �i�1	n � �xn � K�i	n "�i	n
P�i�1	n � K�i	n Rn�K�i	n 	T � �I12 � K�i	n C�i	n �Mn�I12 � K�i	n C�i	n �T

State estimation accuracy and covariance fidelity improve with
each iteration, provided the state variables are sufficiently observable

[19]. The first iteration (i� 1) is the conventional EKF update

because "�1	n � yn � h�x̂�1	n 	 (i.e., the correction term is zero).

Nonlinearities may cause differences in the statistics of "�1	n and its

covariance N�1	n . As P�1	n is based on N�1	n , P�1	n may have poor
covariance fidelity because it may not accurately represent the
statistics of the estimation errors. On subsequent iterations (i � 2),

the nonlinear functions h�x̂�i	n 	 and C�x̂�i	n 	 and residual "�i	n are
evaluated with improving information. Performance analysis results
(to be discussed shortly) suggest that two or three iterations are
sufficient.

At time tn, the same prior information �xn and Mn, radar
measurements yn, andmeasurement noisematrixRn are used on each
iteration step. Mn contains information that correlates errors in
position states (which are directly observable from yn) with errors in
velocity states and with errors in the bias states. As the filter gain
matrix is proportional to these correlations, velocity and bias-state
errors can be correctedwith information in the positionmeasurement
residual.

VII. Performance Analysis

EKF(12) performance is demonstrated byMonte Carlo simulation
of the recursive filter embedded in a truth model for the radar and the
satellite orbit. Amobile phased-array radar tracks a satellite in a near-
circular orbit. As the satellite traverses the sky, the radar array rotates
in azimuth and elevation to maintain the satellite at or near array
boresight. As the radar platform is mobile, radar position, velocity,
orientation, and angular rate are provided by an INS mounted on the
radar array near its boresight.

Radar measurement biases arise from uncompensated tropo-
spheric refraction because real-time corrections to range and
elevation (which are based on in situ measurements of pressure,
temperature, and relative humidity) can remove all but 5–10% of the
total clear-air refraction errors. Residual elevation errors scale with
elevation, and the largest errors occur below 5� (refer to Fig. 1).

As discussed earlier, tropospheric bias error dynamics are
modeled by aMarkov process having a variable time constant �A that
scales with elevation and (absolute) elevation rate (refer to Fig. 2).
The elevation refraction error (Fig. 1) and its elevation gradient (the
slope of the curve in Fig. 1) are implicit in �A. Although only absolute
�A values are shown, positive �A values (stable response) occur with
decreasing elevation, and negative �A values (unstable response)
occur with decreasing elevation.

In weather environments, clouds can cause time-dependent
refraction errors in range, elevation and azimuth. Time-dependent
disturbances in range ��, elevation �	 and azimuth �� are modeled
by colored noise, or Gauss–Markov random processes with time
constant �M:

Fig. 1 Elevation errors caused by uncompensated tropospheric

refraction depend on true elevation and error compensation accuracy.
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where wR, w	 , and w� are white-Gaussian forcing functions with
covariance statistics provided in Table 3. Covariance histories of the
disturbances (refer to Fig. 3) are based on these models.

Time-dependent INS misalignment biases are based on the
linearizedEuler equations provided in Sec. II and the initial condition
statistics provided in Table 2. Although INS bias covariances do not
fluctuate significantly (refer to Fig. 3), each yaw, pitch, and roll
instantiation can fluctuate dramatically during radar elevation and
azimuth steering maneuvers (not shown).

Without bias estimation, tropospheric refraction errors and INS
misalignments cause EKF(6) orbit determination errors in position
and velocity. Cross-range position (relative to the LOS) errors scale
with the product of target range and angle error, whereas cross-range
velocity errors scalewith the product of range rate and angle error. As
radar measurements are made in a rotating frame, Coriolis effects
cause range rate errors that scale with the product of target range,
angle error, and LOS angular rate (refer to Fig. 4). Tropospheric
refraction errors dominate at low elevations (below 5�, occurring
early and late in the track) whereas INS misalignment errors are
important at higher elevations during themidtrack interval. Although
position and velocity covariances usually underestimate the biased
error statistics, covariance fidelity was improved (Fig. 4) with bias
covariance models that characterize, but do not reduce the effects of,
the bias errors. Nonzero velocity process noise (qv � 0:001 m2=s3)
was required for EKF(6) to properly associate the biased detections
with the track; otherwise a loss of trackwould have occurredmidway
through the satellite pass.

Analysis of the observability Grammian matrix indicates a full
rank of 12, meaning that all the bias-state variables are
mathematically observable. As noted earlier, 12-state observability

Fig. 2 Absolute tropospheric time constant j�Aj (s) vs elevation and

absolute elevation rate.

Table 3 Gauss–Markov tropospheric disturbance statistics

Gauss–Markov time constant �M 50 s
Range disturbance variance qR �5 m	2
Elevation disturbance variance q	 �500 �rad	2
Azimuth disturbance variance q� �500 �rad	2

Fig. 3 1� Gauss-Markov tropospheric biases and 1� INS misalignment biases.
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Fig. 5 Orbit determination 1� accuracies and covariances with bias estimation (100 Monte Carlo trials).

Fig. 4 Orbit determination 1� accuracies and covariances without bias estimation (100 Monte Carlo trials).
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is crucially dependent on inclusion of the second-order corrections to
range associated with the misalignment biases, because the
Grammian matrix would have rank 11 otherwise.

With bias estimation, the statistics of the position and velocity
estimation errors are improved considerably (refer to Fig. 5). After
the initial convergence interval, position and velocity errors can be
reduced to and maintained at lower levels, particularly at low
elevations toward the end of the track. The most dramatic error
reductions occur in the cross-range–vertical error components,
which are more observable than the cross-range–horizontal
components. Residual errors in range rate scale with the product of
satellite velocity and the root-sum-square yaw-pitch misalignments
(Fig. 6). Moreover, the position and velocity covariances are more
consistent with the track error statistics. The error statistics for the
five angular bias states (refer to Fig. 6) show a twofold improvement
compared to the input error statistics (Fig. 3).

VIII. Conclusions

An iterated EKF(12) was formulated for simultaneous (real-time)
orbit determination and bias estimation. Orbit position and velocity
states are estimated jointly with six dynamic (rather than static) bias
states that model radar orientation biases and radar range-angle
measurement biases. For steerable radar arrays that maintain the
target near boresight, additional range-angle scale factor and
misalignment errors are relatively unimportant and were not
considered. Physical models for the bias dynamics and careful
characterization of the bias influence in the measurement process
provide bias-state observability and separability.

Orbit determination and bias estimation accuracies were
demonstrated by Monte Carlo simulations. Without real-time bias
estimation, INS misalignment and tropospheric biases can cause
sizable position and velocity errors, particularly at low elevations.
Moreover, the position and velocity covariances usually under-
estimate the biased error statistics, although covariance fidelity can

be improved with bias covariance models that characterize, but do
not reduce the size of, the bias errors. With real-time bias estimation,
position and velocity errors can be reduced to and maintained at
lower levels, particularly at low elevations, and covariance fidelity is
markedly improved. Small velocity errors are clearly advantageous
for track prediction and for cueing of other missile defense assets.
Real-time bias estimation is thus needed for successful radar-to-radar
track correlation and fusion.

Appendix: Tropospheric Time Constant

Clear-air (weather-free) tropospheric refraction causes elevation-
dependent errors "�		 in elevation and range that may be
mathematically approximated by an exponential function:

"�		 � "0e�b	

When "0 and b are constant parameters, the error time derivativemay
be expressed by

_"� d"

d	
_	 ���b _		"

The quantity in parentheses may be replaced by an equivalent time
constant:

�A �
1

b _	

In reality, the gradient parameter

b�� 1

"

d"

d	

is also elevation dependent because the error slope d"
d	
also depends on

elevation. It follows that �A may be expressed by

Fig. 6 Bias estimation 1� accuracies and covariances (100 Monte Carlo trials).
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